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CONSTRUCTION OF LOCAL CONSERVATION LAWS BY
GENERALIZED ISOMETRIC EMBEDDINGS OF VECTOR
BUNDLES
NABIL KAHOUADJI
Abstrat. This artile uses CartanKähler theory to onstrut loal onser-
vation laws from ovariantly losed vetor valued dierential forms, objets
that an be given, for example, by harmoni maps between two Riemannian
manifolds. We apply the artile's main result to onstrut onservation laws
for ovariant divergene free energy-momentum tensors. We also generalize the
loal isometri embedding of surfaes in the analyti ase by applying the main
result to vetor bundles of rank two over any surfae.
1. Introdution
A onservation law an be seen as a map dened on a spae F (whih an be for
instane, a funtion spae, a ber bundle setion spae, et.) that assoiates eah
element f of F with a vetor eld X on an m-dimensional Riemannian manifold
M, suh that if f is a solution to a given PDE on F , the vetor eld X has a
vanishing divergene. If we denote by g the Riemannian metri on the manifold
M, we an anonially assoiate eah vetor eld X ∈ Γ(TM) with a dierential
1-form αX := g(X, ·). Sine div(X) = ∗d ∗ αX (or div(X)volM = d(Xy volM)),
where ∗ is the Hodge operator, volM is the volume form onM, and Xy volM is the
interior produt of volM by the vetor eld X , the requirement div(X) = 0 may be
replaed by the requirement d(Xy volM) = 0, and hene, onservation laws may also
be seen as maps on F with values on dierential (m− 1)-forms suh that solutions
to PDEs are mapped to losed dierential (m− 1)-forms onM. More generally, we
ould extend the notion of onservation laws as mapping to dierential p-forms (for
instane, Maxwell equations in vauum an be expressed, as it is well-known, by
requiring a system of dierential 2-forms to be losed). In this paper, we address
the question of nding onservation laws for a lass of PDE desribed as follows:
Question 1. Let V be an n-dimensional vetor bundle over M. Let g be a metri
bundle and ∇ a onnetion that is ompatible with that metri. We then have a
ovariant derivative d∇ ating on vetor valued dierential forms. Assume that φ
is a given ovariantly losed V-valued dierential p-form on M, i.e.,
d∇φ = 0. (1.1)
Does there exist N ∈ N and an embedding Ψ of V into M×RN given by Ψ(x,X) =
(x,ΨxX), where Ψx is a linear map from Vx to R
N
suh that:
• Ψ is isometri, i.e, for every x ∈M, the map Ψx is an isometry,
• if Ψ(φ) is the image of φ by Ψ, i.e., Ψ(φ)x = Ψx ◦ φx for all x ∈ M, then
dΨ(φ) = 0. (1.2)
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In this problem, the equation (1.1) represents the given PDE (or a system of
PDEs) and the map Ψ plays the role of a onservation law. Note that the problem
is trivial when the vetor bundle is a line bundle. Indeed, the only onnetion on a
real line bundle whih is ompatible with the metri is the at one.
A fundamental example is the isometri embedding of Riemannian manifolds
in Eulidean spaes and is related to the above problem as follows: M is an m-
dimensional Riemannian manifold, V is the tangent bundle TM, the onnetion
∇ is the Levi-Civita onnetion, p = 1 and the TM-valued dierential 1-form φ
is the identity map on TM. Then (1.1) expresses the torsion-free ondition for
the onnetion ∇ and any solution Ψ to (1.2) provides an isometri embedding u
of the Riemannian manifold M into a Eulidean spae RN through du = Ψ(φ),
and onversely. An answer to the loal analyti isometri embeddings of Rieman-
nian manifolds is given by the CartanJanet theorem, [Car27, Jan26℄. Despite the
fat that the CartanJanet result is loal and the analiity hypothesis on the data
may seem to be too restritive, the CartanJanet theorem is important beause
it atualizes the embedding in an optimal dimension unlike the NashMoser iso-
metri embedding whih is a smooth and global result. Consequently, if the above
problem has a positive answer for p = 1, the notion of isometri embeddings of
Riemannian manifolds is extended to a notion of generalized isometri embeddings
of vetor bundles. The general problem, when p is arbitrary, an also be viewed as
an embedding of ovariantly losed vetor valued dierential p-forms.
Another example expounded in [Hél96℄ of suh ovariantly losed vetor valued
dierential forms is given by harmoni maps between two Riemannian manifolds.
Indeed, let us onsider a map u dened on an m-dimensional Riemannian manifold
M with values in an n-dimensional Riemannian manifold N . On the indued
bundle
1
by u overM, the u∗TN -valued dierential (m−1)-form ∗du is ovariantly
losed if and only if the map u is harmoni, where the onnetion on the indued
bundle is the pull bak by u of the Levi-Civita onnetion on N . A positive answer
to the above problem in this ase would make it possible to onstrut onservation
laws on M from ovariantly losed vetor valued dierential (m − 1)-forms,
provided, for example, by harmoni maps. In his book [Hél96℄, motivated by
the question of the ompatness of weakly harmoni maps in Sobolev spaes in
the weak topology (whih is still an open question), Hélein onsiders harmoni
maps between Riemannian manifolds and explains how onservation laws may be
obtained expliitly by the Noether's theorem if the target manifold is symmetri
and formulates the problem for non symmetri target manifolds.
In this artile, our main result is a positive answer when p = m − 1 in the
analyti ase. We also nd, as in the CartanJanet theorem, the minimal required
dimension that ensures the generalized isometri embedding of an arbitrary vetor
bundle relative to a ovariantly losed vetor valued dierential (m− 1)-form.
Theorem 1. Let V be a real analyti n-dimensional vetor bundle over a real
analyti m-dimensional manifold M endowed with a metri g and a onnetion ∇
ompatible with g. Given a non-vanishing ovariantly losed V-valued dierential
(m − 1)-form φ, there exists a loal isometri embedding of V in M× Rn+κ
n
m,m−1
over M where κnm,m−1 > (m− 1)(n− 1) suh that the image of φ is a onservation
law.
The existene result Theorem 1 an be applied to harmoni maps. We show in
the last setion of this paper a further appliation related to energy-momentum
1
or the pull bak bundle.
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tensors whih our e.g. in general relativity.
The strategy for proving Theorem 1 is the following: we reformulate the problem
by means of an exterior dierential system on a manifold that must be dened, and
sine all the data involved are real analyti, we use the CartanKähler theory to
prove the existene of integral manifolds. The problem an be represented by the
following diagram that summarizes the notations
V
n
❄
Mm
(d∇φ)p=0
g,∇,
Ψ
Mm
❄
Mm × RN
n
m,p
dΨ(φ)=0
Figure 1. Generalized isometri embedding
where N is an integer that have to be dened in terms of the problem's data: n,
m and p. Let us then set up a general strategy as an attempt to solve the general
problem. We denote by κnm,p the embedding odimension, i.e., the dimension of the
ber extension in order to ahieve the desired embedding. Sine the CartanKähler
theory plays an important role in this paper and sine the reader may not be
familiar with exterior dierential systems (EDS) and the CartanKähler theorem,
generalities are expounded in setion 2 onerning these notions and results. For
details and proofs, the reader may onsult Élie Cartan's book [Car71℄ and the third
hapter of [BCG
+
91℄.
Let us rst reast our problem by using moving frames and oframes. For on-
veniene, we adopt the following onventions for the indies: i, j, k = 1, . . . , n
are the ber indies , λ, µ, ν = 1, . . . ,m are the manifold indies and a, b, c =
n + 1, . . . , n + κnm,p are the extension indies. We also adopt the Einstein sum-
mation onvention, i.e., assume a summation when the same index is repeated in
high and low positions. However, we will write the sign
∑
and make expliit the
values of the summation indies when neessary. Let η = (η1, . . . , ηm) be a moving
oframe on M. Let E = (E1, . . . , En) be an orthonormal moving frame of V. The
ovariantly losed V-valued dierential p-form φ ∈ Γ(∧pM⊗Vn) an be expressed
as follows:
φ = Eiφ
i = Eiψ
i
λ1,...,λp
ηλ1,...,λp (1.3)
where ψiλ1,...,λp are funtions onM. We assume that 1 6 λ1 < · · · < λp 6 m in the
summation, and that ηλ1,...,λp means ηλ1 ∧ · · · ∧ ηλp .
Denition 1. Let φ ∈ Γ(∧pM⊗ V) be a V-valued dierential p-form on M. The
generalized torsion of a onnetion relative to φ (or for short, a φ-torsion) on a
vetor bundle over M is a V-valued dierential (p+1)-form Θ = (Θi) := d∇φ, i.e.,
in a loal frame
Θ = EiΘ
i := Ei(dφ
i + ηij ∧ φ
j) for all i (1.4)
where (ηij) is the onnetion 1-form of ∇ whih is an o(n)-valued dierential 1-form
(sine ∇ is ompatible with the metri bundle).
Thus, the ondition of being ovariantly losed d∇φ = 0 is equivalent to the fat
that, dφi+ηij∧φ
j = 0 for all i = 1, . . . , n. From the above denition, the onnetion
∇ is φ-torsion free. We also notie that the generalized torsion dened above redues
4 NABIL KAHOUADJI
to the standard torsion in the tangent bundle ase when φ = Eiψ
i
λη
λ = Eiη
i
(the
funtions ψiλ = δ
i
λ are the Kroneker tensors), and the onnetion is Levi-Civita.
d∇φ = 0⇐⇒ dφ
i + ηij ∧ φ
j = 0 for all i = 1, . . . , n. (1.5)
Assume that the problem has a solution. We onsider the at onnetion 1-form
ω on the Stiefel spae SO(n+κnm,p)/SO(κ
n
m,p), the n-adapted frames of R
(n+κnm,p)
,
i.e., the set of orthonormal families of n vetors Υ = (e1, . . . , en) of R
(n+κnm,p)
whih an be ompleted by orthonormal κnm,p vetors (en+1, . . . , en+κnm,p) to obtain
an orthonormal set of (n + κnm,p) vetors. Sine we work loally, we will assume
without loss of generality that we are given a ross-setion (en+1, . . . , en+κnm,p) of
the bundle bration SO(n+ κnm,p) −→ SO(n+ κ
n
m,p)/SO(κ
n
m,p). The at standard
1-form of the onnetion ω is dened as follows: ωij = 〈ei, dej〉 and ω
a
i = 〈ea, dei〉,
where 〈, 〉 is the standard inner produt on Rn+κ
n
m,p
. Notie that ω satises Cartan's
struture equations. Suppose now that suh an isometri embedding exists, then, if
ei = Ψ(Ei), the ondition dΨ(φ) = 0 yields to
ei(dφ
i + ωij ∧ φ
j) + ea(ω
a
i ∧ φ
i) = 0, (1.6)
a ondition whih is satised if and only if
ηij = Ψ
∗(ωij) and Ψ
∗(ωai ) ∧ φ
i = 0. (1.7)
The problem then turns to nding moving frames (e1, . . . en, en+1, . . . , en+κnm,p)
suh that there exist m-dimensional integral manifolds of the exterior ideal gene-
rated by the naive exterior dierential system {ωij − η
i
j , ω
a
i ∧ φ
i} on the produt
manifold
Σnm,p =M×
SO(n+ κnm,p)
SO(κnm,p)
. (1.8)
Stritly speaking, the dierential forms live in dierent spaes. Indeed, one
should onsider the projetions πM and πSt of Σ
n
m,p onM and the Stiefel spae and
onsider the ideal on Σnm,p generated by π
∗
M(η
i
j)− π
∗
St(ω
i
j) and π
∗
St(ω
a
i ) ∧ π
∗
M(φ
i).
It seems reasonable however to simply write {ωij − η
i
j , ω
a
i ∧ φ
i}.
To nd integral manifolds of the naive EDS, we would need to hek that the
exterior ideal is losed under the dierentiation. However, this turns out not to be
the ase. The idea is then to add to the naive EDS the dierential of the forms
that generate it and therefore, we obtain a losed one.
The objets whih we are dealing with in the following have a geometri
meaning in the tangent bundle ase with a standard 1-form (the orthonormal
moving oframe, as explained above) but not in the arbitrary vetor bundle ase as
we notied earlier with the notion of torsion of a onnetion. That leads us to dene
notions in a generalized sense in suh a way that we reover the standard notions
in the tangent bundle ase. First of all, the Cartan lemma, whih in the isometri
embedding problem implies the symmetry of the seond fundamental form, does
not hold. Consequently, we an not assure nor assume that the oeients of the
seond fundamental form are symmetri as in the isometri embedding problem. In
fat, we will show that these onditions should be replaed by generalized Cartan
identities that express how oeients of the seond fundamental form are related
to eah other, and of ourse, we reover the usual symmetry in the tangent bundle
ase. Another diulty is the analogue of the Bianhi identity of the urvature
tensor. We will dene generalized Bianhi identities relative to the ovariantly
losed vetor valued dierential p-form and a generalized urvature tensor spae
whih orresponds, in the tangent bundle ase, to the usual Bianhi identities and
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the Riemann urvature tensor spae, respetively. Finally, besides the generalized
Cartan identities and generalized urvature tensor spae, we will make use of a
generalized Gauss map.
The key to the proof of Theorem 1 is Lemma 1 for two main reasons: on one hand,
it assures the existene of oeients of the seond fundamental form that satisfy
the generalized Cartan identities and the generalized Gauss equation, properties
that simplify the omputation of the Cartan haraters. On the other hand, the
lemma gives the minimal required embedding odimension κnm,m−1 that ensures the
desired embedding. Using Lemma 1, we give another proof of Theorem 1 by an
expliit onstrution of an ordinary integral ag. When the existene of integral
manifold is established, we just need to projet it on M× Rn+κ
n
m,p
.
2. Generalities
This setion is a brief introdution to the CartanKähler theory and is establis-
hed to state the Cartan test, the Proposition 2 and the CartanKähler theorem,
results that we use in the proof of Theorem 1.
2.1. EDS and exterior ideals. Let us denote by A(M) the spae of smooth
dierential forms onM.2 An exterior dierential system is a nite set of dierential
forms I = {ω1, ω2, . . . , ωk} ⊂ A(M) with whih we assoiate the set of equations
{ωi = 0 |ωi ∈ I}. A subset of dierential forms I ⊂ A(M) is an exterior ideal if the
exterior produt of any dierential form of I by a dierential form of A(M) belongs
to I and if the sum of any two dierential forms of the same degree belonging to
I, belongs also to I. The exterior ideal generated by I is the smallest exterior ideal
ontaining I. An exterior ideal is said to be an exterior dierential ideal if it is
losed under the exterior dierentiation and hene, the exterior dierential ideal
generated by an EDS is the smallest exterior dierential ideal ontaining the EDS.
Let us notie that an EDS is losed if and only if the exterior dierential ideal and
the exterior ideal generated by that EDS are equal. In partiular, if I is an EDS,
I ∪ dI is losed.
2.2. Introdution to CartanKähler theory. Let I ⊂ A(M) be an EDS on
M and let N be a submanifold of M. The submanifold N is an integral manifold
of I if ι∗ϕ = 0, ∀ϕ ∈ I, where ι is an embedding ι : N −→ M. The purpose of
this theory is to establish when a given EDS, whih represents a PDE, has or does
not have integral manifolds. We onsider in this subsetion, an m-dimensional real
manifold M and I ⊂ A(M) an exterior dierential ideal on M.
Denition 2. Let z ∈ M. A linear subspae E of TzM is an integral element of
I if ϕE = 0 for all ϕ ∈ I, where ϕE means the evaluation of ϕ on any basis of E.
We denote by Vp(I) the set of p-dimensional integral elements of I.
N is an integral manifold of I if and only if eah tangent spae of N is an integral
element of I. It is not hard to notie from the denition that a subspae of a given
integral element is also an integral element. We denote by Ip = I ∩Ap(M) the set
of dierential p-forms of I. Thus, Vp(I) = {E ∈ Gp(TM) |ϕE = 0 for all ϕ ∈ Ip}.
Denition 3. Let E be an integral element of I. Let {e1, e2, . . . , ep} be a basis of
E ⊂ TzM. The polar spae of E, denoted by H(E), is the vetor spae dened as
follows:
H(E) = {v ∈ TzM|ϕ(v, e1, e2, . . . , ep) = 0 for all ϕ ∈ Ip+1}. (2.9)
2
This is a graded algebra under the wedge produt. We do not use the standard notation Ω(M)
to not onfuse it with the urvature 2-form of a onnetion.
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Notie that E ⊂ H(E). The polar spae plays an important role in exterior
dierential system theory as we an notie from the following proposition.
Proposition 1. Let E ∈ Vp(I) be a p-dimensional integral element of I. A (p+1)-
dimensional vetor spae E+ ⊂ TzM whih ontains E is an integral element of I
if and only if E+ ⊂ H(E).
In order to hek if a given p-dimensional integral element of an EDS I is on-
tained in a (p + 1)-dimensional integral element of I , we introdue the following
funtion alled the extension rank r : Vp(I) −→ Z that assoiates eah integral
element E with an integer r(E) = dimH(E)− (p+ 1). The extension rank r(E) is
in fat the dimension of P(H(E)/E) and is always greater than −1. If r(E) = −1,
then E is ontained in any (p + 1)-dimensional integral element of I and onse-
quently, there is no hope of extending the integral element. An integral element E
is said to be regular if r(E) is onstant on a neighborhood of z.
Denition 4. An integral ag of I on z ∈ M of length n is a sequene (0)z ⊂
E1 ⊂ E2 ⊂ · · · ⊂ En ⊂ TzM of integral elements Ek of I.
An integral element E is said to be ordinary if its base point z ∈ M is an
ordinary zero of I0 = I ∩ A0(M) and if there exists an integral ag (0)z ⊂ E1 ⊂
E2 ⊂ · · · ⊂ En = E ⊂ TzM where the Ek, k = 1, . . . , (n−1) are regular. Moreover,
if En is itself regular, then E is said to be regular. We an now state the following
important results of the CartanKähler theory.
Theorem 2. (Cartan's test) Let I ⊂ A∗(M) be an exterior ideal whih does not
ontain 0-forms (funtions on M). Let (0)z ⊂ E1 ⊂ E2 ⊂ · · · ⊂ En ⊂ TzM be
an integral ag of I. For any k < n, we denote by Ck the odimension of the
polar spae H(Ek) in TzM. Then Vn(I) ⊂ Gn(TM) is at least of odimension
C0 +C1 + · · ·+ Cn−1 at En. Moreover, En is an ordinary integral ag if and only
if En has a neighborhood U in Gn(TM) suh that Vn(I) ∩ U is a manifold of
odimension C0 + C1 + · · ·+ Cn−1 in U .
The numbers Ck are alled Cartan haraters of the k-integral element. The
following proposition is useful in the appliations. It allows us to ompute the
Cartan haraters of the onstruted ag in the proof of the Theorem 1.
Proposition 2. At a point z ∈ M, let E be an n-dimensional integral element
of an exterior ideal I ∩ A∗(M) whih does not ontain dierential 0-forms. Let
ω1, ω2, . . . , ωn, π1, π2, . . . , πs (where s = dimM− n) be a oframe in a open neigh-
borhood of z ∈ M suh that E = {v ∈ TzM|πa(v) = 0 for all a = 1, . . . , s}. For
all p 6 n, we dene Ep = {v ∈ E |ωk(v) = 0 for all k > p}. Let {ϕ1, ϕ2, . . . , ϕr}
be the set of dierential forms whih generate the exterior ideal I, where ϕρ is of
degree (dρ + 1). For all ρ, there exists an expansion
ϕρ =
∑
|J|=dρ
πJρ ∧ ωJ + ϕ˜ρ (2.10)
where the 1-forms πJρ are linear ombinations of the forms π and the terms ϕ˜ρ are,
either of degree 2 or more on π, or vanish at z. Moreover, we have
H(Ep) = {v ∈ TzM|π
J
ρ (v) = 0 for all ρ and sup J 6 p} (2.11)
In partiular, for the integral ag (0)z ⊂ E1 ⊂ E2 ⊂ · · · ⊂ En ∩ TzM of I,
the Cartan haraters Cp orrespond to the number of linear independent forms
{πJρ |z suh that sup J 6 p}.
The following theorem is of great importane not only beause it is a gene-
ralization of the well-known Frobenius theorem but also beause it represents a
generalization of the CauhyKovalevskaya theorem.
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Theorem 3. (CartanKähler)
Let I ⊂ A∗(M) be a real analyti exterior dierential ideal. Let X ⊂ M be a p-
dimensional onneted real analyti Kähler-regular integral manifold of I. Suppose
that r = r(X ) > 0. Let Z ⊂M be a real analyti submanifold of M of odimension
r whih ontains X and suh that TxZ and H(TxX ) are transverse in TxM for
all x ∈ X ⊂ M. There exists then a (p + 1)-dimensional onneted real analyti
integral manifold Y of I, suh that X ⊂ Y ⊂ Z. Moreover, Y is unique in the sense
that another integral manifold of I having the stated properties, oinides with Y
on an open neighborhood of X .
The analyity ondition of the exterior dierential ideal is ruial beause of
the requirements in the CauhyKovalevskaya theorem used in the CartanKähler
theorem's proof. It has an important orollary. Atually, in the appliation, this
orollary is more often used than the theorem and is sometimes alled the Cartan
Kähler theorem in literature.
Corollary 1. (CartanKähler)
Let I be an analyti exterior dierential ideal on a manifold M. If E ⊂ TzM is
an ordinary integral element of I, there exists an integral manifold of I passing
through z and having E as a tangent spae at point z.
One of the great appliations of the CartanKähler theory is the CartanJanet
theorem onerning the loal isometri embedding of Riemannian manifolds. We
mention this theorem for its historial importane and beause the result of this
paper generalizes isometri embedding of surfaes.
Theorem 4. (Cartan [Car27℄Janet [Jan26℄)
Every m-dimensional real analyti Riemannian manifold an be loally embedded
isometrially in an
m(m+ 1)
2
-dimensional Eulidean spae.
3. Constrution of Conservation Laws
In this setion, we ontinue to explain the general strategy of solving the problem
in the general ase started in the introdution, and we give a omplete proof of
Theorem 1. In the introdution, we showed that solving the general problem is
equivalent to looking for the existene of integral manifolds of the naive EDS {ωij−
ηij , ω
a
i ∧ φ
i} on the produt manifold
Σnm,p =Mm ×
SO(n+ κnm,p)
SO(κnm,p)
.
This naive EDS is not losed. Indeed, the generalized torsion-free of the onne-
tion implies that d(ωai ∧ φ
i) ≡ 0 modulo the naive EDS, but the Cartan's seond-
struture equation yields to d(ωij − η
i
j) ≡
∑
a
(ωai ∧ ω
a
j )− Ω
i
j modulo the naive EDS,
where Ω = (Ωij) is the urvature 2-form of the onnetion. Consequently, the exte-
rior ideal that we now onsider on the produt manifold Σnm,p is
Inm,p = {ω
i
j − η
i
j ,
∑
a
ωai ∧ ω
a
j − Ω
i
j , ω
a
i ∧ φ
i}
alg
. (3.12)
The urvature 2-form of the onnetion is an o(n)-valued two form and is related
to the onnetion 1-form (ηij) by the Cartan's seond-struture equation:
Ωij = dη
i
j + η
i
k ∧ η
k
j (3.13)
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A rst ovariant derivative of φ has led to the generalized torsion. A seond ovariant
derivative of φ gives rise to generalized Bianhi identities3 as follows:
d2∇(φ) = 0⇐⇒ Ω
i
j ∧ φ
j = 0 for all i = 1, . . . , n. (3.14)
The onditions Ωij ∧ φ
i = 0 for all i = 1, . . . , n are alled generalized Bianhi
identities. We then dene a generalized urvature tensor spae Knm,p as the spae
of urvature tensor satisfying the generalized Bianhi identities :
Knm,p = {(R
i
j;λµ) ∈ ∧
2(Rn)⊗ ∧2(Rm)|Ωij ∧ φ
i = 0} (3.15)
where Ωij =
1
2R
i
j;λµη
λ ∧ ηµ = Rij;λµη
λ ⊗ ηµ.
In the tangent bundle ase and φ = Eiη
i
, Knn,1 is the Riemann urvature tensor
spae whih is of dimension
1
12
m2(m2 − 1).
All the data are analyti, we an apply the CartanKähler theory if we are
able to hek the involution of the exterior dierential system by onstruting
an m-integral ag: If the exterior ideal Inm,p passes the Cartan test, the ag is
then ordinary and by the CartanKähler theorem, there exist integral manifolds
of Inm,p. To be able to projet the produt manifold Σ
n
m,p on M, we also need to
show the existene of m-dimensional integral manifolds on whih the volume form
on η1,...,m on M does not vanish.
The EDS is not involutive and hene we prolong it by introduing new variables.
Let us express the 1-forms ωai in the oframe (η
1, . . . , ηm) in order to later make
the omputation of Cartan haraters easier . Let Wnm,p be an κ
n
m,p-dimensional
Eulidean spae. We then write ωai = H
a
iλη
λ
where Haiλ ∈ W
n
m,m−1⊗R
n ⊗Rm and
dene the forms πai = ω
a
i −H
a
iλη
λ
. We an also onsider Hiλ = (H
a
iλ) as a vetor
of Wnm,p. The forms that generate algebraially I
n
m,p are then expressed as follows:∑
a
ωai ∧ ω
a
j − Ω
i
j =
∑
a
πai ∧ π
a
i +
∑
a
(Hajλπ
a
i −H
a
iλπ
a
j ) ∧ η
λ
+
1
2
∑
a
(HaiλH
a
jµ −H
a
iµH
a
jλ −R
i
j;λµ)︸ ︷︷ ︸
∗
ηλ ∧ ηµ
(3.16)
and
ωai ∧ φ
i = ψiλ1...λpπ
a
i ∧ η
λ1...λp +
∑
λ = 1, . . . ,m
1 6 µ1 < · · · < µp 6 m
∗∗︷ ︸︸ ︷
Haiλψ
i
µ1,...,µp
ηλµ1...µp . (3.17)
These new expressions of the forms in terms of vetors H and the dierential
1-form π will help us ompute the Cartan haraters of an m-integral ag. To
simplify these alulations, we will hoose Haiλ, whih are the oeients of the
seond fundamental form, so that the quantities marked with (∗) and (∗∗) in the
equations (3.16) and (3.17) vanish, and hene:∑
a
(HaiλH
a
jµ −H
a
iµH
a
jλ) = R
i
j;λµ generalized Gauss equation (3.18)
∑
λ = 1, . . . ,m
1 6 µ1 < · · · < µp 6 m
Haiλψ
i
µ1,...,µp
ηλµ1...µp = 0 generalized Cartan identities. (3.19)
As we mentioned in the introdution, the system of equations (3.19) is said to be
generalized Cartan identities beause it gives us relations between the oeients of
3
In the tangent bundle ase and φ = Eiη
i
, we reover the standard Bianhi identities of the
Riemann urvature tensor, i.e, Ri
jkl
= Rk
lij
and Ri
jkl
+Ri
ljk
+Ri
klj
= 0 .
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the seond fundamental form whih are not neessarily the usual symmetry given
by the Cartan lemma. These properties of the oeients and the fat that the
urvature tensor (Rij;λµ) satises generalized Bianhi identities yield us to name
the equation (3.18) as the generalized Gauss equation.
We now dene a generalized Gauss map Gnm,p :W
n
m,p⊗R
n⊗Rm −→ Knm,p dened
for Haiλ ∈ W
n
m,p ⊗ R
n ⊗ Rm by
(
Gnm,p(H)
)i
j;λµ
=
∑
a
(HaiλH
a
jµ −H
a
iµH
a
jλ). (3.20)
Let us speialize in the onservation laws ase, i.e., when p = m− 1. We adopt
the following notations: Λ = (1, 2, . . . ,m) and Λ r k = (1, . . . , k − 1, k + 1, . . . ,m).
We thus have ηΛ = η1 ∧ · · · ∧ ηm and ηΛrk = η1 ∧ · · · ∧ ηk−1 ∧ ηk+1 · · · ∧ ηm.
Let us onstrut an ordinary m-dimensional integral element of the exterior ideal
Inm,m−1 on Σ
n
m,m−1. Generalized Bianhi identities are trivial in this ase and so
dimKnm,m−1 =
n(n− 1)
2
m(m− 1)
2
.
The generalized Gauss equation is Hiλ.Hjµ − Hiµ.Hjλ = Rij;λµ, where Hiλ is
viewed as a vetor of the κnm,m−1-Eulidean spae W
n
m,m−1. Generalized Cartan
identities are ∑
λ=1,...,m
(−1)λ+1Haiλψ
i
Λrλ = 0 for all a. (3.21)
The following lemma, for whih a proof is later given, represents the key to the
proof of Theorem 1.
Lemma 1. Let κnm,m−1 > (m − 1)(n − 1) and W
n
m,m−1 be a Eulidean spae of
dimension κnm,m−1. Let H
n
m,m−1 ⊂ W
n
m,m−1 ⊗ R
n ⊗ Rm be the open set onsisting
of those elements H = (Haiλ) so that the vetors {Hiλ|i = 1, . . . , n − 1 and λ =
1, . . . ,m − 1} are linearly independents as elements of Wnm,m−1 and satisfy ge-
neralized Cartan identities. Then Gnm,m−1 : H
n
m,m−1 −→ K
n
m,m−1 is a surjetive
submersion.
Let Znm,m−1 = {(M,Υ, H) ∈ Σ
n
m,m−1×W
n
m,m−1⊗R
n⊗Rm |H ∈ Hnm,m−1}. We
onlude from Lemma 1 that Znm,m−1 is a submanifold
4
and hene,
dim Znm,m−1 = dim Σ
n
m,m−1 + dim H
n
m,m−1 (3.22)
where
dim Σnm,m−1 = m+
n(n− 1)
2
+ nκnm,m−1 (3.23)
dim Hnm,m−1 = (nm− 1)κ
n
m,m−1 −
n(n− 1)m(m− 1)
4
. (3.24)
We dene the map Φnm,m−1 : Z
n
m,m−1 −→ Vm(I
n
m,m−1, η
Λ) whih assoiates
(x,Υ, H) ∈ Znm,m−1 with the m-plan on whih the dierential forms that gene-
rate algebraially Inm,m−1 vanish and the volume form η
Λ
on M does not vanish.
Φnm,m−1 is then an embedding and hene dim Φ(Z
n
m,m−1) = dim Z
n
m,m−1. In what
follows, we prove that in fat Φ(Znm,m−1) ontains only ordinary m-integral ele-
ments of Inm,m−1. Sine the oeients H
a
iλ satisfy the generalized Gauss equation
and generalized Cartan identities, the dierential forms that generate the exterior
4Znm,m−1 is the ber of R by a submersion. The surjetivity of G
n
m,m−1 assures the non-
emptiness.
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ideal Inm,m−1 are as follows:
∑
a
ωai ∧ ω
a
j − Ω
i
j =
∑
a
πai ∧ π
a
i +
∑
a
(Hajλπ
a
i −H
a
iλπ
a
j ) ∧ η
λ
(3.25)
ωai ∧ φ
i = ψiλ1...λpπ
a
i ∧ η
λ1...λp . (3.26)
We reall that Cartan haraters are the odimension of the polar spae of integral
elements. Their omputations are a straightforward appliation of Proposition 2.
and yield
Cλ =
n(n− 1)
2
(λ+ 1) for λ = 0, ..m− 2 (3.27)
Cm−1 =
n(n− 1)
2
m+ κnm,m−1 (3.28)
so
C0 + · · ·+ Cm−1 = m
n(n− 1)
2
+
n(n− 1)m(m− 1)
4
+ κnm,m−1. (3.29)
Finally, the odimension of the spae on m-integral elements of Inm,m−1 on whih
ηΛ does not vanish is:
codimVm(I
n
m,m−1, η
Λ) = dimGm
(
T(x,Υ)Σ
n
m,m−1
)
− Φ(Znm,m−1)
= m
n(n− 1)
2
+
n(n− 1)m(m− 1)
4
+ κnm,m−1.
(3.30)
By the Cartan test, we onlude that Φ(Znm,m−1) ontains only ordinary m-integral
ags. The CartanKähler theorem then assures the existene of an m-integral ma-
nifold on whih ηΛ does not vanish sine the exterior ideal is in involution. We
nally projet the integral manifold on M× Rn+κ. Let us notie that the require-
ment of the non vanishing of the volume form ηΛ on the integral manifold yields to
projet the integral manifold on M and also to view it as a graph of a funtion f
dened on M with values in the spae of n-adapted orthonormal frames of Rn+κ.
In the isometri embedding problem, the omposition of f with the projetion of
the frames on the Eulidean spae is by onstrution the isometri embedding map.
3.1. Another proof of Theorem 1. This proof is based on expliitly onstru-
ting an ordinary m-integral element, and the Cartan haraters are omputed by
expliiting the polar spae of an integral ag. As dened above, let us onsider
Inm,m−1 an exterior ideal on Σ
n
m,m−1. Let us denote by (Xλ) the dual basis of
(ηλ) and by (YA) the dual basis of (̟
A) = (̟σ(
i
j), ̟σ(
a
j )) = (ωij − η
i
j , ω
a
i ) where
A = 1, . . . , dimΣnm,m−1 − m and σ(
i
j) = (j − i) +
n(n− 1)
2
−
(n− i)(n− i+ 1)
2
for 1 6 i < j 6 n and σ(ai ) =
n(n− 1)
2
+ (a− n− 1)n+ i for i = 1, . . . , n
and a = n + 1, . . . , n + κnm,m−1. Let us onsider on the Grassmannian manifold
Gm(Σ
n
m,m−1, η
Λ) a basis Xλ dened as follows:
Xλ(E) = Xλ + P
A
λ (E)YA A = 1, . . . , dimΣ
n
m,m−1 −m. (3.31)
Let (Πλ(E)) be the dual basis of (Xλ(E)). In order to ompute the odimension
in the Grassmannian Gm(TΣ
n
m,m−1, η
Λ) of m-integral elements of Inm,m−1, we pull
bak the forms that generate the exterior ideal. To do so, we evaluate the forms on
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the basis Xλ(E) and hene the expression of the forms on the Grassmannian are:
(̟σ(
i
j))E = P
σ(ij)
λ Π
λ(∑
a
̟σ(
a
i ) ∧̟σ(
a
j ) − Ωij
)
E
=
(∑
a
P
σ(ai )
λ P
σ(aj )
µ − P
σ(ai )
µ P
σ(aj )
λ −R
i
j;λµ
)
Πλµ
(̟σ
a
j ∧ φi)E =
(∑
λ
(−1)λ+1ψiΛrλP
σ(ai )
λ
)
ΠΛ.
The number of funtions that have linearly independent dierentials represents the
desired odimension, and hene with lemma 1:
codimVm(I
n
m,m−1, η
Λ) = m
n(n− 1)
2
+
n(n− 1)
2
m(m− 1)
2
+ κnm,m−1 (3.32)
Let us now onstrut an expliit m-integral element of Inm,m−1. Sine the exterior
ideal does not ontain any funtions, every point of Σnm,m−1 is a 0-integral element.
Let (E0)z = z ∈ Σnm,m−1. A vetor ξ in the tangent spae of Σ
n
m,m−1 is of the form
ξ = ξλMXλ + ξ
AYA. (3.33)
By onsidering the polar spae, we obtain Cartan haraters as previously. We then
hoose the integral element in the following way:
eλ = Xλ +H
a
iλYσ(ai ), (3.34)
where the oeients Haiλ are provided by the lemma 1, whih assures the existene
of solutions to the suessive polar systems during the onstrution of the integral
ag. The oeients ξσ(
i
j)
for all 1 6 i < j 6 n vanish for all the vetors e
beause of ̟σ(
i
j)
. Let us denote Eλ = span{e1, . . . , eλ}. The integral ag is then
F = E0 ⊂ E1 ⊂ · · · ⊂ Em−1 ⊂ Em. Cartan haraters are the same as omputed
previously and the Cartan test assures that the ag is ordinary. By onstrution,
the ag does not annihilate the volume form ηΛ.
3.2. Proof of lemma 1. The generalized Gauss map Gnm,m−1 dened on
Wnm,m−1⊗R
n⊗Rm with values in Knm,m−1 is a submersion if and only if the die-
rential dGnm,m−1 ∈ L(W
n
m,m−1⊗R
n⊗Rm;Knm,m−1), whih has m(m− 1)n(n− 1)/4
lines and κnm,m−1 ×m× n olumns, is of maximal rank.
In what follows, we make the assumption that ψ1Λrm = 1 and ψ
2
Λrm = · · · =
ψnΛrm = 0. It is always possible by hanging the notation and reindexing. With this
assumption, the generalized Cartan identity shows that for all a, the oeient Ha1m
on a given point of the manifold, is a linear ombination of the Hiλ where λ 6= m.
When n = m = 2, we assume that the determinant detψ = (ψ11ψ
2
2 − ψ
1
2ψ
2
1) 6= 0.
In order to understand the proof of the submersitivity of Gnm,m−1, we rst explain
and show the proof for two speial ases: when the vetor bundle is of rank 3 over a
manifold of dimension 2, and when the rank of the vetor bundle is arbitrary (n > 2)
over a manifold of dimension 2. The proof of the surjetivity of the generalized Gauss
map is established afterwards.
3.2.1. Submersitivity of the generalized Gauss map. We will proeed step by step
in order to expound the proof of Lemma 1: For a warm-up, we start with the ase
(V3,M2, g,∇, φ)1, then the ase of a general vetor bundle over a surfae, i.e.,
(Vn,M2, g,∇)1, next, the ase of a vetor bundle of rank 2 over an m-dimensional
manifold, i.e., (V2,Mm, g,∇, φ)m−1, and nally, we expound the onservation laws
ase, i.e., (Vn,Mm, g,∇, φ)m−1.
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Reall that the generalized Gauss map assoiates H = (Haiλ) with(
(Gnm,m−1)
i
j;λµ
)
= (HiλHjµ −HiµHjλ)ij;λµ. The dierential of G
n
m,m−1 is then:
dGnm,m−1 =
∂Gnm,m−1
∂Haiλ
dHaiλ (3.35)
where
d(Gnm,m−1)
i
j;λµ = HjµdHiλ +HiλdHjµ −HjλdHiµ −HiµdHjλ. (3.36)
Denote by ǫij;λµ the natural basis on K
n
m,m−1 = ∧
2
R
n ⊗ ∧2Rm.
The ase (V3,M2,g,∇, φ)1. Consider a vetor bundle V3 of rank 3 over a 2-
dimensional dierentiable manifoldM2, endowed with a metri g and a onnetion
∇ ompatible with g. Let φ be a non-vanishing ovariantly losed V2-valued die-
rential 1-form. By assumption,
φ = Eiφ = Eiψ
i
λη
λ =

 1 ψ
1
2
0 ψ22
0 ψ32

 ∧
(
η1
η2
)
. (3.37)
The generalized Cartan identities for eah normal diretion a are:
Ha12 = ψ
1
2H
a
11 + ψ
2
2H
a
21 + ψ
3
2H
a
31. (3.38)
The urvature tensors' spae is K32,1 = ∧
2
R
3 ⊗ ∧2R2 = ∧2R3 ⊗ R =
span{ǫ12;12, ǫ
1
3;12, ǫ
2
3;12, }.
The generalized Gauss equations are:

H11.H22 −H12.H21 = R12;12
H11.H32 −H12.H31 = R13;12
H21.H32 −H22.H31 = R23:12
(3.39)
Taken into onsideration the generalized Cartan identities, the dierential of the
generalized Gauss map is:
dG32,1=

 d(G
3
2,1)
1
2,12
d(G32,1)
1
3,12
d(G32,1)
2
3,12

=

 H22 −ψ
i
2Hi1 0 H11 0
H32 0 −ψi2Hi1 0 H11
0 H32 −H22 −H31 H21

.


dH11
dH21
dH31
dH22
dH32


Note that Hiλ are vetors in the Eulidean spae W32,1 of dimension κ
3
2,1 whih
must be determined. We want to extrat from theW32,1-valued matrix dG
3
2 a subma-
trix of maximal rank (rank 3). Denote by L the subspae of otangent ofW32,1R
3⊗R2
dened by dH11 = dH21 = dH31 = 0. Then
5 dG32,1|L is :
dG32 |L =

 H11 00 H11
−H31 H21

 .
(
dH22
dH32
)
. (3.40)
Therefore, if κ32,1 > 2, the matrix dG
3
2 |L is of maximal rank if H11 and H21
are linearly independent vetors of W32,1. For instane, if κ
3
2,1 = 2, i.e., the normal
diretions are a = 4, 5, then
dG32 |L =

 H
4
11 H
5
11 0 0
0 0 H411 H
5
11
−H431 −H
5
31 H
4
21 H
5
21

 .


dH422
dH522
dH432
dH532

 . (3.41)
5dG32,1|L is the submatrix of dG
3
2,1 dened by: ((dG
3
2 (∂/∂H22))a, (dG
3
2 (∂/∂H23))a).
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is of maximal rank if H11 and H21 are linearly independent vetors.
Before investigating the submersitivity of the genralized Gauss map, let us rst
dene a ag of the subspaes of Knm,m−1.
Flag of Kn
m,m−1: Let us dene the following subspaes of K
n
m,m−1 as follows: for
k = 2, . . . , n
Ek|nm,m−1 = {(R
i
j;λµ) ∈ K
n
m,m−1|R
i
j;λµ = 0, if 1 6 i < j 6 k and ∀1 6 λ < µ 6 m}
and for ν = 2, . . . ,m
Eν |
n
m,m−1 = {(R
i
j;λµ) ∈ K
n
m,m−1|R
i
j;λµ = 0, if 1 6 λ < µ 6 ν and ∀1 6 i < j 6 n}.
By onvention, E1|nm,m−1 = E1|
n
m,m−1 = K
n
m,m−1. Therefore,
0 = En|nm,m−1 ⊂ E
n−1|nm,m−1 ⊂ E
n−2|nm,m−1 ⊂ · · · ⊂ E
2|nm,m−1 ⊂ K
n
m,m−1
0 = Em|
n
m,m−1 ⊂ Em−1|
n
m,m−1 ⊂ Em−2|
n
m,m−1 ⊂ · · · ⊂ E2|
n
m,m−1 ⊂ K
n
m,m−1.
Example 1 ((V3,M4,g,∇, φ)3). An element in K34,3 = ∧
2
R
3 ⊗ ∧2R4 ≃ R18 is:
R =

 R
1
2;12 R
1
2;13 R
1
2;23 R
1
2;14 R
1
2;24 R
1
2;34
R13;12 R
1
3;13 R
1
3;23 R
1
3;14 R
1
3;24 R
1
3;34
R23;12 R
2
3;13 R
2
3;23 R
2
3;14 R
2
3;24 R
2
3;34


(3.42)
and if R is in E2|34,3 and in E
3|34,3 then respetively
R =

 0 0 0 0 0 0∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗


and R = (0) (3.43)
and if R is in E2|
3
4,3, E3|
3
4,3 and in E4|
3
4,3 then respetively
R =

 0 ∗ ∗ ∗ ∗ ∗0 ∗ ∗ ∗ ∗ ∗
0 ∗ ∗ ∗ ∗ ∗

 ,R =

 0 0 0 ∗ ∗ ∗0 0 0 ∗ ∗ ∗
0 0 0 ∗ ∗ ∗

 , and R = 0
The ase (Vn,M2,g,∇, φ)1. Reall that Kn2,1 = ∧
2
R
n ⊗ R. Some olumns in the
Jaobian of Gn2,1 are expressed as follows: for k = 2, . . . , n,
dGn2,1
( ∂
∂Hak2
)
=
( k−1∑
i=1
Hai1ǫ
i
k;12 + (terms in E
k|n2,1)
)
∈ Ek−1|n2,1. (3.44)
Note that En|n2,1 = 0, and hene,
dGn2,1(∂/∂H
a
n2) =
( n−1∑
i=1
Hai1ǫ
i
n;12
)
∈ En−1|n2,1. (3.45)
From the linear map dGn2,1, we want to extrat a submatrix of maximal rank.
Consider the submatrix
(
(dGn2,1(∂/∂H
a
22))a, . . . , (dG
n
2,1(∂/∂H
a
n2))a
)
. Eah term
(dGn2,1(∂/∂H
a
k2))a, for a xed k, is a matrix with n(n− 1)/2 lines and κ
n
2,1 olumns.
The equations (3.44), (3.45) and the inlusions (3.42) show that the submatrix(
(dGn2,1(∂/∂H
a
22))a, . . . , (dG
n
2,1(∂/∂H
a
n2))a
)
is of maximal rank if the vetors
H11, H21, . . .H(n−1)1 are linearly independent vetors of W
n
2,1 and κ
n
2,1 > (n − 1)
where the minimal embedding odimension κn2,1 is given by the dimension
of En−1|n2,1. Indeed, the matrix
(
(dGn2,1(∂/∂H
a
22))a, . . . , (dG
n
2,1(∂/∂H
a
n2))a
)
is
triangular by dierent sized bloks. This is due to the inlusions (3.42) of the
spaes Ek|n2,1 . Note that the matrix
(
(dGn2,1(∂/∂H
a
22))a, . . . , (dG
n
2,1(∂/∂H
a
n2))a
)
is retangular, i.e., n(n − 1)/2 lines and (κn2,1 × (n − 1)) olumns. There are
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atually (n − 1) terms in the diagonal and they all have the same number
of olumns κn2,1. The rst term of the diagonal has one line and obviously
starts at the rst line, the seond term has 2 lines and is at the seond line,
the third term has 3 lines and starts at the line number 1+2 = 3, . . . , and the
last term has (n − 1) lines and starts at the line number (n − 2)(n − 1)/2. From
(3.44) and (3.45), the diagonal of
(
(dGn2,1(∂/∂H
a
22))a, . . . , (dG
n
2,1(∂/∂H
a
n2))a
)
is: diag
(
(Ha11)a,
t (Ha11, H
a
21)a, . . . ,
t (Ha11, . . . , H
a
(n−1)1)a
)
, and sine
0 ⊂ En−1 ⊂ En−2 ⊂ · · · ⊂ E2 ⊂ E1 = Kn2,1, the terms
above this diagonal vanish in the matrix
(
(dGn2,1(∂/∂H
a
22))a, . . . ,
(dGn2,1(∂/∂H
a
n2))a
)
. Note that
t(H11, . . . , Hk1)a is a matrix with k lines and
κn2,1 olumns. The ondition of being linearly independent for the vetor
(H11, . . .H(n−1)1) assures that one an always extrat, for eah term of the
diagonal, a submatrix of maximal rank. For instane, the diagonal term of
dGn2,1(∂/∂H
a
32) is
t(Ha11, H
a
21), whih is a 2× κ
n
2,1 matrix, and sine the two vetors
are linearly independent, there exists an invertible 2 × 2 submatrix. The same
argument holds for eah term of the diagonal, and nally, κn2,1 > dim(E
n−1|n2,1)
assures that the last terms of the diagonal, (dGn2,1(∂/∂H
a
n2))a, are of maximal rank.
The ase (Vn,Mm,g,∇, φ)m−1 :. For the onservation laws ase, we dene the
following subspaes of Knm,m−1: for k = 2, . . . , n and for ν = 2, . . . ,m,
Ekν |
n
m,m−1 = {(R)
i
j;λµ ∈ K
n
m,m−1|R
i
j;λµ = 0, if 1 6 i < j 6 k and 1 6 λ < µ 6 ν}
and hene, Enν |
n
m,m−1 = Eν |
n
m,m−1 and E
k
m|
n
m,m−1 = E
k|nm,m−1. By onvention,
E1ν |
n
m,m−1 = K
n
m,m−1 and E
k
1 |
n
m,m−1 = K|
n
m,m−1.
Remark 1. Let us x ν and k. We have the same kind of ags as in (3.42) and
(3.42):
Eν |
n
m,m−1 ⊂ E
n−1
ν |
n
m,m−1 ⊂ E
n−2
ν |
n
m,m−1 ⊂ · · · ⊂ E
2
ν |
n
m,m−1 ⊂ K
n
m,m−1
Ek|nm,m−1 ⊂ E
k
m−1|
n
m,m−1 ⊂ E
k
m−2|
n
m,m−1 ⊂ · · · ⊂ E
k
2 |
n
m,m−1 ⊂ K
n
m,m−1.
Example 2 ((V3,M4,g,∇, φ)3-Continued). E
2
4 |
3
4,3 = E
2|34,3, E
3
2 |
3
4,3 =
E2|34,3,E
3
3 |
3
4,3 = E3|
3
4,3 and E
3
4 |
3
4,3 = 0 and if R is in E
2
2 |
3
4,3, E
2
3 |
3
4,3, then respetively
R =

 0 ∗ ∗ ∗ ∗ ∗∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

 ,R =

 0 0 0 ∗ ∗ ∗∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

 . (3.46)
Proposition 3 (Extension of (3.42)). For (Vn,Mm, g,∇, φ)m−1, we an have
a longer ag by replaing in (3.42) eah inlusion of the type Eν |nm,m−1 ⊂
E(ν−1)|
n
m,m−1, for ν = 2, . . . ,m, by
Eν ⊂
(
E(ν−1)∩E
n−1
ν
)
⊂
(
E(ν−1)∩E
n−2
ν
)
⊂ · · · ⊂
(
E(ν−1)∩E
3
ν
)
⊂
(
E(ν−1)∩E
2
ν
)
⊂ E(ν−1).
(3.47)
Note that we dropped |nm,m−1 for eah subspae E, in the above equation, for more
larity.
Example 3 ((V4,M5,g,∇, φ)4). We drop in this example the signs |45,4 next to the
subspaes Ekν |
4
5,4. When we put (3.47) in (3.42), we obtain 0 = E5 ⊂
(
E4 ∩ E35
)
⊂(
E4 ∩ E25
)
⊂ E4 ⊂
(
E3 ∩ E34
)
⊂
(
E3 ∩ E24
)
⊂ E3 ⊂
(
E2 ∩ E33
)
⊂
(
E2 ∩ E23
)
⊂ E2 ⊂
E32 ⊂ E
2
2 ⊂ E1 = K
4
5,4.
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We proeed in the same way to prove Lemma 1. The inlusion of the spaes
Ekν |
n
m,m−1 is more omplex and is given by the Proposition 3. We have, for k =
2, . . . , n and ν = 2, . . . ,m
dGnm,m−1(∂/∂H
a
kν) =
( ∑
i = 1, . . . , k − 1
λ = 1, . . . ν − 1
Haiλǫ
i
k;λν + (terms in E
k+1
ν−1 )
)
∈ Ek−1ν−1 |
n
m,m−1 (3.48)
and sine Enk |
n
m,m−1 = 0,
dGnm,m−1(∂/∂H
a
nm) =
( ∑
i = 1, . . . , n− 1
λ = 1, . . . m − 1
Haiλǫ
i
n;λm
)
∈ En−1m−1|
n
m,m−1. (3.49)
As we explained previously, from the linear map dGnm,m−1, we want to extrat
a submatrix of maximal rank. Consider the submatrix
(
(dGnm,m−1(∂/∂H
a
22))a, . . . ,
(dGnm,m−1(∂/∂H
a
n2))a, . . . , (dG
n
m,m−1(∂/∂H
a
2m))a, . . . , (dG
n
m,m−1(∂/∂H
a
nm))a
)
whih has n(n − 1)m(m− 1)/4 lines and κnm,m−1 × (n − 1)(m − 1) olumns. This
matrix is of maximal rank if the vetors (Hiλ)i=1,...,(n−1) and λ=1,...,m−1 are linearly
independent vetors of Wnm,m−1 where κ
n
m,m−1 > (n − 1)(m − 1). The minimal
embedding odimension is given by the dimension of (En−1 ∩Em−1|nm,m−1). Indeed,
Proposition (3) shows that the submatrix is triangular by dierent sized bloks
and that the terms above the blok-diagonal are zero. There are (n − 1)(m − 1)
terms in the diagonal and they have the same number of olumns κnm−1.
3.2.2. The surjetivity of the generalized Gauss map. It remains to show that the
generalized Gauss map is surjetive, namely
Gnm,m−1(H
n
m,m−1) = K
n
m,m−1. (3.50)
It is suient to show that there exists a pre-image of 0, i.e., vetors Hiλ in
Wnm,m−1, satisfying generalized Cartan identities and suh that the set {Hiλ}
for i = 1, . . . , n − 1 and λ = 1, . . . ,m − 1 are linearly independent vetors in
Wnm,m−1. Indeed, the dierential of the generalized Gauss map being surjetive
implies that Gnm,m−1(H
n
m,m−1) will ontain a neighborhood of 0 in K
n
m,m−1, and
thus Gnm,m−1(H
n
m,m−1) = K
n
m,m−1 as G
n
m,m−1(ρH) = ρ
2Gnm,m−1(H).
We will onstrut a pre-image of 0 in Hnm,m−1. Reall that W
n
m,m−1 is of dimen-
sion κnm,m−1 > (n− 1)(m− 1). We an hoose Hiλ as follows:
{Hiλ}i=1,...,n−1 and λ=1,...,m−1 is an orthonormal set of vetors in W
n
m,m−1 (3.51)
Hn1 = Hn2 = · · · = Hnm = 0 (3.52)
For j = 2, . . . ,m, Hjm =
∑
i = 1, . . . , n − 1
λ = 1, . . . ,m − 1
Aiλj Hiλ (3.53)
where
A1λj = ψ
j
Λrλ and A
iλ
j = A
jλ
i . (3.54)
4. Conservation laws for ovariant divergene free
energy-momentum tensors
We present here an appliation for our main result to ovariant divergene free
energy-momentum tensors.
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Proposition 4. Let (Mm, g) be a m-dimensional real analyti Riemannian ma-
nifold, ∇ be the Levi-Civita onnetion and T be ontravariant 2-tensor with a
vanishing ovariant divergene. There then exists a onservation law for T on
M× Rm+(m−1)
2
.
Proof. Let us onsider a bivetor T ∈ Γ(TM⊗TM) whih is expressed in a hart
by T = T λµξλ ⊗ ξµ, where (ξ1, . . . , ξm) is the dual basis of an orthonormal moving
oframe (η1, . . . , ηm). The volume form is denoted by ηΛ = η1 ∧ · · · ∧ ηm. Using the
interior produt, we an assoiate any bivetor T with a TM-valued m-dierential
form τ dened as follows:
Γ(TM⊗ TM) −→ Γ(TM⊗∧(m−1)T∗M)
T = T λµξλ ⊗ ξµ 7−→ τ = ξλ ⊗ τ
λ = ξλ ⊗
(
T λµ(ξµyη
Λ)
)
.
The tangent spae TM is endowed with the Levi-Civita onnetion ∇. Let us
ompute the ovariant derivative of τ .
d∇τ = ξλ ⊗ (dτ
λ + ηλµ ∧ τ
µ) (4.55)
On one hand, using the rst Cartan equation that expresses the vanishing of the
torsion of the Levi-Civita onnetion and the expression of the Christoel symbols
in terms of the onnetion 1-form, we obtain
dτλ = d
(
T λµ(ξµyη
Λ)
)
= d(T λµ) ∧ (ξµyη
Λ) + T λµd(ξµyη
Λ) =
(
ξµ(T
λµ) + T λµΓννµ
)
ηΛ
(4.56)
and
ηλµ ∧ τ
µ = ηλµ ∧ Tµν(ξνyη
Λ) =
(
T µνΓλνµ
)
ηΛ (4.57)
onsequently
d∇τ = ξλ ⊗
[(
ξµ(T
λµ) + T λµΓννµ + T
µνΓλνµ
)
ηΛ
]
. (4.58)
On the other hand, a straightforward omputation of the divergene of the bi-
vetor leads us to
∇µT
λµ = ξµ(T
λµ) + T λµΓννµ + T
µνΓλνµ for all λ = 1, . . . ,m. (4.59)
We onlude then that
d∇τ = 0⇔ ∇µT
λµ = 0 ∀λ = 1, . . . ,m. (4.60)
Hene, for anm-dimensional Riemannian manifoldM, the main result of this artile
assures the existene of an isometri embedding Ψ : TM−→M×Rm+(m−1)
2
suh
that d(Ψ(τ)) = 0 is a onservation law for a ovariant divergene free energy-
momentum tensor. 
For instane, if dimM = 4, then Ψ(τ) is a losed dierential 3-form on M with
values in R
13
.
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